ON A CONJECTURE OF KONTSEVICH AND SOIBELMAN 



LE QUY THUONG 



Abstract. We consider a conjecture of Kontsevich and Soibelman which is 
regarded as a foundation of their theory of motivic Donaldson-Thomas invari- 
ants for non-commutative 3d Calabi-Yau varieties. We will show that, in some 
certain cases, the answer to this conjecture is positive. 



1. Introduction 



In [To] , Kontsevich and Soibelman introduce and give discussions on the motivic 
Donaldson- Thomas invariants which are defined for non-commutative 3d Calabi- 
Yau varieties and take values in certain Grothendieck groups of algebraic varieties. 
One of the main objectives of [TU] is to define the motivic Hall algebra which gener- 
ates Toen's notion of the derived Hall algebra (cf. [H]). For C an ind-constructible 
triangulated Aoo-category over a field k, the motivic Hall algebra H{C) is con- 
structed to become a graded associative algebra, which admits for each strict sector 
V an element Ay^^^ invertible in the completed motivic Hall algebra and satisfy- 
ing the Factorization Property. It is believed that, in the case of 3d Calabi-Yau 
category, there is a homomorphism $ of the motivic Hall algebra into the motivic 
quantum torus defined in terms of the motivic Milnor fiber of the potential. Then 
the motivic Donaldson-Thomas invariants appear as the collection of the images of 
Ay^^^ under the homomorphism 3". 

In fact, a central role in the existence of $ is played by the following conjecture. 
Assume that k is of characteristic zero. Let F be a formal series on the affine space 
= A^^ X k A^^ X k A^^ , depending on a constructible way on finitely many extra 
parameters, such that F(0, 0, 0) = and F has degree zero with respect to the 
diagonal action of the multiplicative group Gm.k with the weights (1,-1,0). We 
denote by Xq (F) the set of the zeros of F on A^ . Consider be the natural inclusions 
ii : A^i Xfe Gm,k Z Xk Gm.fc and io : {0} Gm,k Z Xk Gm,k for a subset 
Z containing Xo{F). Consider the motivic Milnor fiber Sp of F in '^x7,lF)xkG 
Denote by h the function on A;?^ defined by h{z) = F(0,0,z). We write Sh,o for 
the pullback i^Sh- We denote by integral J di the pushforward of the canonical 

k 

morphism 

k Gm^fc — ?> Spec{k) Xk Gm,fc- 

Conjecture 1.1 (|10l). With the previous notations and hypotheses, the following 
formula holds in Mg'""''; 



In this paper, we consider the conjecture in some special cases, namely, when F 
is a compostion of a polynomial in two variables and a pair of two regular functions 
(Theorem lS.ip . or F has the form F{x, y, z) = g{x, y, z) + h{z)^ with N sufficiently 




2 



LE QUY THUONG 



large (Theorem 15. 6|) . For these cases, the idea of proof comes from considermg 
formulas of Guibert, Loeser and Merle ([6], [8]) for the motivic Milnor fiber of 
composite functions or functions of Steenbrink type. The explicit computation of 
motivic Milnor fiber of a regular function via its Newton polyhedron (suggested in 
[5]) is the key leading to the positive answers to the cases considered (under certain 
conditions). 

This work was suggested by Frangois Loeser, my advisor, who advised me to 
consider the conjecture firstly in the case of composition f{gi,g2) and encouraged 
me in each step of proof. I am deeply grateful to him for these, for his suggestions 
of method approaching to the solution and for his help in preparing the manuscript. 

2. Motivic zeta function and Motivic Milnor fiber 

Let us recall some basic notations in the theory of motivic integration which will 
be used in this paper. For references, we follow [I], [2], [4], [5], [6] and [7]. 

2.1. Arc spaces. Let X be a smooth algebraic variety of pure dimension n over 
k. We denote by Lm{X) the space of arcs of order m also known as the mth jet 
space on X. It is a fc-scheme whose set of i^-points, for K a field containing k, 
is the set of morphisms (p : SpecK[t]/t"'^^^ X. There are canonical morphisms 
Lrn+i{X) — > Ljn{X) which are A^-bundles. The arc space /C{X) is defined as a 
projective limit of this system. We denote by tt^ : £j{X) — >■ £m(X) the canonical 
morphism. There is a canonical Gm.fe-action on Lrn{X) and on J^iX) given by 
a ■ ip(t) = ip(at). 

For an element cp in K[[t]] or in K[t]/t"^^^ , we denote by ordt{(p) the valuation 
of if and by ac{ip) its first nonzero coefficient with the convention ac(0) = 0. 

2.2. Motivic zeta function and Motivic Milnor fiber. Let g : X — > be a 

function on X and ^0(5) the zero locus of g. For to > 1, we define 

3^m(g) := {<y5 e £,„(X) I ordtg{(p) = to}. 

Note that this variety is invariant by the (Gm,fc-action on Lm{X). Furthermore, 
g induces a morphism g^ ■ '^mig) Gm.k, assigning to a point (p in LmiX) 
the coefficient ac{g{(p)) of in g{(p{t)), which we also denote by ac{g){(f). This 
morphism is a diagonally monomial of weight m with respect to the G„j^fc-action 
on Xmig) since g{s ■ (p) = s"^gm{'P>)- We thus consider the class pim{g)] of Xm(g) 

G 

in JAJ^'^^, ^ . We now can consider the motivic zeta function 

Zg{T) := [X,„(,g)]L-""T" 

■m>l 

in ^x:(s)x.G„,. n Note that = if g = on X. 

By using a log- resolution of Xo(g), Denef and Loeser proved in |lj and |4j that 

G 

Zg{T) is a rational series in Mx7(g)XfcG k tt-^]]'*'' ^^'^ ^^'^^ ^^^^ showed that one can 

g' 

consider the limit limr_^oo Zg{T) in ^xr(s)xfcG Then the motivic Milnor fiber 
of g is defined as 

Sg := ~ lim Zg{T). 
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2.3. Rational series and their limits. Let A be one of the rings Z[L, L 
Z[h,h-\ (1/(1 -L-O)i>o], ^s^.G- ■ We denote by ^[[T]]^^ the A-submodulc of 
A[[T]] generated by 1 and by finite products of terms Pe.i{T) = L^T'/il - WT^) 
with e in Z and i in N>o. There is a unique ^-hnear morphism 

hm : A[[r]]^r A 

T->oo 

such that 

.li.- (n^-.(T)).(-i)m 

for every family ((ei,ji))jg/ in Z x N>o with / finite (possibly empty). 
From now on, we will use the following notations 

K^o := {a = (ai,...,a„) G R|o I a, for ^ ^ /}, 

and 

»io := {a = (ai, . . . , a„) G | a, = iff i ^ /}, 
for / a subset of {1, . . . ,n}. The sets Z{.q, Z^q and N^g are defined similarly. 

Let A be a rational polyhedral convex cone in E^^g and let A denote its closure 
in R{.g with / a finite set. Let I and /' be two integer linear forms on Z^ positive 
on A \ {0}. Let us consider the series 

feGAnN£,(, 

in Z[L,L~^][[r]]. In this paper, we will use the following lemmas. 

Lemma 2.1 ([5]). A ssume that A is open in its linear span and A is generated 
by (ei, . . . ,em) which are part of a Ij-hasis of the Z-module Z^. Then the series 
SA,i,i'iT) lies m Z[L, L^-'-] [[T]]sr and 

lim Sa,u'{T) = (-l)df°('^). 

T—^oo 

Lemma 2.2. Fix a subset I of {1, . . . ,n} with \I\ > 2 and a proper subset K of 
I . Assume that K is a disjoint union of nonempty subsets Ki, . . . , K^. Let A be 
a rational polyhedral convex cone in R^^g defined by 

^ aiXi < ^ fljXi, j = l,...,m, 

ieKj ieI\K 

with Oi in > for i in K . If I and V are integral linear forms positive on 

A \ {0}, then limT^oo Sa,lv (T) = 0. 

Proof. For a subset J of {1, ... , m}, we denote by Aj the rational polyhedral convex 
cone in R^^g defined by 

atXi < ^ OiX^ (j e J), ^ QiXt = ^ a^x; (j ^ J). 
ieXj ie/VK ieifj iei\K 

Then, A is a disjoint union of the cones Aj with all J contained in {1, . . . , m} and 
dim(Aj) = |/| + \J\ - m. By LemmaHH limr^^ Sa.j.i,1'{T) - (-i)l^l+l-'l-™. It 
deduces that 

lim 5A,u'(r)- V hni5A„u'(r)= V (-i)i^i+i'^i-" - 0. 

JC{l,...,m} JC{l,...,m} 
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The lemma is proved. □ 

3. Newton polyhedron of a regular function 

3.1. Newton polyhedron. Let g{x) = X^aeN" (^ax" be a polynomial in n vari- 
ables X = {xi, . . . ,Xn) such that g{Q) — 0. We denote by supp{g) the set of 
exponents a in N" with 7^ 0. The Newton polyhedron F of 5 is the convex 
hull of supp{g) + M>Q. For a compact face 7 of F, we denote by g.y the following 
quasihomogenous polynomial 

g^{x) = ^ UaX". 

We say g is nondegenerate with respect to its Newton polyhedron F if, for every 
compact face 7 of F, the face function g^ is smooth on j,. 

To the Newton polyhedron F we associate a function Ir which assigns to a vector 
a in R>Q the value infber{a,b), with (a, 6) being the standard inner product of a 
and b. For a in M>o, we denote by 70 the face of F on which the restriction of the 
function (a, .) on F attains its minimum, i.e., & 6 F is in 7^ if and only if 

(a, b) — lr(a) ~ min(a, b). 

ber 

Note that the infimum in the definition of lr{a) exists and equals the minimum 
minbgr(i, fe). Indeed, by defintion, we can take the infimum on the convex hull of 
supp{g) instead of F, this is a compact subset of R". Moreover, the convex hull 
of the finite set supp{g) is convex and the minimum of a function on a compact 
convex subset attains at one of its vertices. 

For a = in K>Q, 7o — F. If a ^ 0, 7a is a proper face of F. Furthermore, 7a 
is a compact face of F if and only if a is in M"o- ^'^^ f^'^^ 7 Newton 
polyhedron F, we denote by (7(7) the cone {a G M^o I 7a ~ 7}- 

Lemma 3.1 ([9]). Let j be a proper face o/F. The following statements hold: 

(i) (7(7) is a relatively open subset o/M"q, 

(ii) = {a e M>g | 7q D 7} and it is a polyhedral cone, 

(iii) The function Ir is linear on the cone 0^(7). 

Proof. The Newton polyhedron F is in fact the convex hull of a finite set of points, 
namely Pi, . . . , Pg, and the directions of recession ei, . . . , e„, the standard basis of 
R" ■ By [11] , one can consider 7 as the convex hull of some points of Pi , . . . , Ps and 
some directions of recession among ei, . . . , Cn. For simplicity, we can assume that 
7 is associated to Pi, . . . , Pr and ei, . . . , Cfe, with r < s and k < n. The cone cr(7) 
is then defined by the following equations and inequations 

(a. Pi) = (a,P2) = ... = {a,Pr}, 
(1) (a. Pi) < (a. Pi) for r + l<t<s, 

fli = for 1 < j < fc, 
flj > for k + 1 < i < n, 

which is a relatively open set. The closure 0^(7) is described similarly as above, 
replacing the symbol < in the equalities ([T]) by the symbol <, and (ii) follows. 
Furthermore, (ii) implies that there exists a vector 6(7) in 7 such that lr{a) — 
(a, 6(7)) for every a in 0^(7). This proves (iii). □ 
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A fan IF is a finite set of rational polyhedral cones such that every face of a cone 
of 3^ is also a cone of 3^, and the intersection of two arbitrary cones of ? is the 
common face of them. The following lemma shows that, when 7 runs over the faces 
of r, ct(7) form a fan in R"q partitioning R"q into rational polyhedral cones. 

Lemma 3.2 (j9j). Let T be the Newton polyhedron of the function g. Then the 
closures ^(7) of the cones associated to the faces of T form a fan in M>q . Moreover, 
the following hold. 

(i) Fix a proper face jofT. Then the following correspondance is a bijection 

{faces o/r that contain 7} — {faces o/ct(7)} : e t— )■ a{e). 

(ii) Letji, 72 be faces ofT. //71 is a facet 0/72 thena{'j2) is a facet 0/^(7)1. 

Recall that a vector a in R" is primitive if its components are integers whose 
greatest common divisor is 1. It is easy to see that every face 7 of F is the inter- 
section of a finite number of facets of F. One can also prove that, for any facet of 
F, there exists a unique primitive normal vector in N" \ {0}. 

Lemma 3.3 ( 9 ). Assume that the compact face 7 is the intersection of the facets 
71, . . . , 7r with primitive normal vectors wi, . . . ,Wr, respectively. Then we have 

r r 

'^il) = ["^^iWi \ gR>o^ and 0^(7) = | ^ A^Wi | G M>o|. 

i=l i=l 

Moreover, dimcr(7) = dimCT(7) — n — dim 7. 

3.2. The canonical partition of M"q x M"q with respect to g. Write n = 
ni + ?i2 with Hi > 0, 772 > 0. Let g be a function on A]J which is nondegenerate 
with respect to the Newton polyhedron F of g. Let 7 be a compact face of F. A 
proper face e of F is said to be leant on 7 if there exists a subset / of {1, . . . , 77} 
such that 

e = 7 + M>o = {a + I a e 7, 5 e M^q}. 

Note that dim(e) — dim(7) + |/|. Clearly, the face e is non-compact when / is 
nonempty. If 7 is compact and dim (7) — n — 1, there is no non-compact face of F 
leant on 7 because of the reason of dimension. 

Lemma 3.4. Let 6 = 7 + IR^q be a face leant on a compact face 7 o/F. If J is a 
subset of I, then e' = 7 + K^q is also a face ofT leant on 7. 

Proof. If J is a subset of / then e' = 7 + ]R>q is a face of e, hence a face of F, 
because all the faces of F form a fan in F. □ 

Notice that if / = the face 7 -I- M>q reduces to the compact face 7. Suppose 
that e = J + K>g is exactly the intersection of the facets ei, . . . ,er, with Wi G 
being the unique primitive normal vector of e^, for i = 1, . . . , r. We denote 

a^j :— (T(e) — cone{wi, . . . , Wr). 

By Lemma l3.3i dim(cr^./) = tt. — |/| — dim(7). 

Lemma 3.5. If cr^ j is contained in M"q x ]R"q and J is a subset of I , then tT^,j 
is contained in IR"g x M"q. Moreover, cr-yj is a face ofa-y^j. 



6 



LE QUY THUONG 



Proof. Let e' = 7+M>g correspond to the unique primitive normal vectors vi, . . . ,Vs. 
By Lemma [S^U since J is a subset of /, e' is a face of e, and hence 

{wi,...,Wr} C {vi,...,Vs}. 

By assumption, a point of a^j C M"q x R"q is of the form a — (ai, . . . , an) with 
a.i > for i = ni + I, . . . ,n. A point of CT-y,j is of the form a + b with a in cr^j and 
6i > for every i ~ I, . . . ,n, hence the first part of the lemma follows. The final 
statement is a corollary of Lemma 13.21 □ 



Lemma 3.6. Assume that ^ is a compact face and e = ^ is a face ofT. Then 
a-yj is contained in R"q x R"q if and only if I is a subset o/ {1, . . . , ni}. 

Proof. By definition, a^j — cr(e) = {a E M"q | = e}, where €a = {b E T \ {a, b) = 
Zr(a)} for a in M>q. Notice that, for every a in CT7.7, we have the fact that 

I = {I <i <n \ a^={)]. 

This proves the lemma. □ 

Fix a compact face 7 of T. Let M be a maximal element (in the inclusion 
relation) of the family of the subsets of {1, . . . , rii} such that 7 + R>^q is a face of T 
(thus, by Lemma [3.61 <t^^m is contained in M"p x M"o)- Then, by Lemma [3.41 for 
every subset / of M, 7 + M{.q is a face of F, and by Lemma 1331 every cone a^j is 

partitioning it into the cones a^j, where I runs over the subsets of M , M runs 

^>0 



contained in M"q x M"q. We thus have proved the following result. 

Proposition 3.7. There exists a canonical fan in M"q x R"q with respect to g 

lbs 

over the maximal subsets 0/ {1, . . . , ni} such that 7 + Rifg is a face of T, and 7 



runs over the compact faces o/F. 

Example 3.8. Consider a function g with F having a vertex P = {(ai, . . . , as 
a unique compact face. Then the fc-dimensional faces of F leant on P have the form 

p + rU 

with / subsets of {1,. . . ,n} and |/| = A:, for = 0, . . . , n — 1. We deduce from 
Lemma [331 that the canonical partition of ]R"q x M"g with respect to g is given by 
the cones crpj, with / subsets of {1, . . . , rii}. 

Example 3.9. Consider a function g on A| defined by 

g{x, y, z) — x^ + xyz^ + y'^z'^. 

F has exactly 5 compact faces, namely Pi = (2,0,2), Pi — (1,1,2), P3 = (0,3,3) 
(0-dimensional faces) and P1P2, P2P3 (1-dimensional faces). 

The faces of F leant on Pi are Pi, Pi + Ml.o^ Pi + ^>o and Pi + R^^fK The 
faces leant on P2 are P2, P2 + Ili>o and P2 + IR.>o • The faces leant on P3 are P3, 
P3+]r1,^q^ P2 + ]RifJ and P2 + Mifo^^ The faces leant on P1P2 are P1P2, PiPi + R^^^ 
and P1P2 + The faces leant on P2P3 are P2P3, PiPs+R^y^ and P2P3 + 

By Lemma [331 the cones contained in R>q xRJ^q are crpij, crpj^{i}, crp^j^, crp^ .[2}> 
cTpsJ, crp3,{2}, cTpiPaJ, o'PiP2,{i}' ^P2P3,0 a-iid crp2P3_{2}. The closures of these cones 



form a canonical fan of ]R?,n x 
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Remark 3.10. In the case ni — 0, we reduce to the work by Guibert (cf. 5 ). More 
clearly, for each compact face 7 of F, all the maximal subsets M of {1, . . . ,n}, of 
which 7 + IR>^Q is a face of F and a^^M C ]R"o' empty. 

4. Computation of and / di 

Consider a regular function g on A}?. We assume that g is nondegenerate with 
respect to its Newton polyhedron F. Denote by ii the natural inclusion A^^ ^ A^! 
or A^i Xk G™,fc A^ G„i,fc. 

4.1. The motivic zeta function Zg{T). We identify the arc space 'Cj{A'^) with 
the space of formal power series via the system of coordinates xi, . . . ,a;„. 
For every arc (p G £(A]J) we note ordtx{ip) = {ordtXi(ip), . . . ,ordtXn{^))- For 
every m G N>o and a G N" we set 

where the spaces Xm(<?) and are defined as follows 

"^rnig) = {"^ e ■^m(Afc) | ordtg{ip) = m}, 

X<j = {(^ G £(A^) I ordtx{ip) = a}. 

It is clear that Xa,m(5) is a variety over Xo{g) Xk G,„,fe in which the morphism to 
Xo{g) is induced by the canonical morphism £m(AJJ) AJJ and the morphism to 
Gm k is the morphism ac{g). Note that Xa m{g) is invariant by the G„i fe-action on 

For every a G N" and (p G X^, ordtg{(p) > Zr(a) by the definition of ^r- Further- 
more, Xmig) can be expressed as a disjoint union IJ^gpjTi 'X^a.mig) of the subspaces 
Xa,m(5) for a in N". Then the motivic zeta function Zg(T) of g can be written in 
the following form 

aeN" m>;r(a) 

= ^ ([x,,,(„)(g)]L-"'-('^)r'-(°)+ [3^a,m(5)]L-"'"r'") 

agN" m>/r(a)-|-l 

= : Z°{T) + Z'^{T). 

By Lemma [221 there is a canonical partition of M"g into the rational polyhedral 
cones 17(7) with 7 running over the proper faces of F. We deduce that 

7 06(7(7) 

^'(^) = E E E[^'^.'^(a)+/c(5)]L-"('^('^)+'=)T'-(°)+^ 

7 aecr(7)fe>l 

where the sum runs over the proper faces 7 of F. 

4.2. Assume that 5 satisfies the additional condition that A)J^ is naturally included 
in X{){g) via the morphism ii. To compute i\Zg{T), we consider the canonical fan 
in R"p X E"g with respect to g. Denote by Fc the set of compact faces of F, by 
971^ the set of maximal subsets M of {l,...,ni} such that 7 + M>q is a face of F. 
By Proposition I3I71 we can partition M^^q x ]R"q into the cones cr^,/, with / subsets 
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of M, M in DJI-, and 7 in Tc- Assume that DJl^ {Mi, . . . , Mp}. We denote by 
the family of subsets of one of the sets Mi, . . . , Mp. Then we have 



eiZ\T)^e,(Y: E E E[^'^,'r(a)+.(5)]L-"('^("^+'=)T'-(<^^+'=). 



-leFa lee^ aea^j k>i 

4.3. Class of Xa,m(.9)- For each compact 7 and / e 6^, consider the morphism 
9iJ ■ '^m,k ^ Xo{g)xkGjn,k givenhy g^j{£,i, . . . = {{ii, ■ ■ ■ , L), 9f{^i, ■ ■ ■ ,^n)) , 
where is defined as follows 
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£.i if i e / 

otherwise. 



This morphism g-yj being Gm,fe-equivariant in an obvious manner, defines a class 
in M , which we denote by /. 

Observe that the morphism ^ Gm.fc, which is the composition of g^ j with 
the second projection, is a locally trivial fibration. It deduces that ^-yj is equal in 

■^x^lg)XkG,„ k *° ^^^^^ Xfe Gm,/c] of the morphism 

XfeG„^fc ^^0(5) XfcG„,fe, ((|i,...,^"„),t). 

G 

We denote by j the class in ?^x"(g)xfcG 1, morphism 

57,/ C^) '^m.k Xfe G„i,fe — > Xo(5) Xfe Gm^fe, 

given by ((^i, . . . , Cn), s, ^ ((|i, . . . ,|„),t). 

Lemma 4.1. T/ie following formulas hold in ^Xo(g)XfeG k ^'^^ every a in (J^j- 
(i) [X„,,,(,)(g)] =<i>^jL"'r(a)-.(a)_ 

(ii) [X,,,^(,) + fe(.g)] - M,^_,L"(;r(a)+/c)-.(a)^ 

Proof. In the case where a; < ^r(a) for every i = there is a way to 

prove (i) directly as follows. An element ip{t) of 'X^a.ir{a){9) has the form (p(t) — 
...,Xn{t)), where = Cj,mt™ with Ci,a. 7^ for i = 1, . . . , n. Note 

that the coefficient of t'r(a) jj^ g{^ip{t)) is equal to 

1 d'H'')5((/^(t)) , _ 1 S-^-')g^{^{t)). 



|t=o — , / M • lt=o 



Zr(a)! dt'r-('^) ' ;r(a)! dt^^'^'') 

~ 9^ (*^l,ai ; • ■ • ; Cn,an ) 

which is nonzero for every a in cr^j. One deduces from this that '^a,iT(a){9) is 

isomophic to G"^ j, ^^'r(a)-s(a) ^.^ ^j^^ 

V'l^) ((Cvai)l<i<n, (Ci,m)l<^<n,ai + l<m<^^(a))• 
Then the part (i) follows. 

Observe that (i) and (ii) also can be deduced from proofs of Guibert in [S] (see 
[5], Lemma 2.1.1). □ 
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4.4. An explicit formula for i'lSg. Assume that Xo{g) contains A^^ Xk {0}. We 
deduce from Lemma |4JJ that 



and 

■jeTa ie6.y aeuyj k>i 

= '^"'^ y y y ii^, jl-^^'^t^-^^i 

1 - L-ir ^ ^ ^ ^ 

Proposition 4.2. Assume that g is a regular function on A^! nondegenerate with 
respect to its Newton polyhedron T, that no vertex of T lies in a coordinate m- 
plane (m — I, . . . ,n — 1), and that Xo(g) contains A^!^ x^. {0}. With the previous 
notations, the following formula holds in M^™i'^ ^ 

e,S, = y^ (_l)n+l-di„.(,) ^ (_1)|/|[A- X;,„(,) - 

Proof. By the assumption that no vertex of F lies in a coordinate m-plane, m = 
1, . . . , n — 1, we have 



r^oo ^ '" '' 
since dmi{a^j) = n — \I\ — dim(7). It follows that 



and 



^lim ztZl(r)= ^(_l)n+l-dim(7) ^ i-lfkl^if^j. 

Then the proposition is proved. □ 

Example 4.3 (cf. Example 13. 8p . In the case Tg has a unique compact face P = 
(ai,...,a„), the classes ^pj vanish. If we assume that > for every i — 
1, . . . , n, we have 

^lSg = {-^r+' y (-l)m[A-X;,„(,)<I>p,,]. 

/C{l....,ni} 



Remark 4.4. In fact, by using Lemma 12.21 we can consider the formula for i^Sg 
without assuming that no vertex of F lies in a coordinate plane as in Proposition l4.2l 
Let 7 be a compact face of F. Assume that 7 lies in the coordinate plane defined by 
{xi = 0,1 £ Ij} {Ij possibly empty). We denote by 6^ the set {I £ &j \ I D Ij}- 
Then we have 
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Proposition 4.5. Assume that g is a regular function on A^! nondegenerate with 
respect to its Newton polyhedron T and that Xo(g) contains A^^ Xfe {0}. Then the 
following formula holds in M^™i'^ ; 

(2) lis, ^ J2 i-ir+'-^-"-^-'^ J2 i-^fW x^ote) (*7./ - *7./)]- 

Proof. Let 7 be a compact face of T. For a proper subset / (possibly empty) of Ij, 
the cone a'^ j := a^j n {a|Xa ^ 0} is a rational polyhedral cone in R^q (by 
Lemma 13. 6p defined by some inequalities of the form as in Lemma 12.21 Here, I'^ 
denotes the complement of / in {1, . . . , n}. More precisely, the cone a'^ j is defined 

by 

Xj < Irixi,. . .,Xn), j & IfX I, 

where, in the expression of Irixi, . . . , x„) in the canonical basis, the coefficients of 
Xi with i in are unique nonzero ones. By Lemma |2.2[ we have 

lim V $^/L-"('')r'rW lim jL-"(°)r'r(°) = 0. 

For / in 6^ containing I^^ the limits are nonzero by Lemma |2. II and the argu- 
ments on these cases are similar to those of the proof of Proposition [121 D 

Corollary 4.6 ([5J). Let be the set of compact faces ofT, which are not con- 
tained in any coordinate plane. If g is nondegenerate with respect to T , then 

holds in Mg*"'^ . 

Proof. (See Remark l3.10p Consider the formula ([2|) in the case ni = 0. Then the 
natural inclusion ii : A)J^ ^ AJ! reduces to the inclusion io : {0} ^ A^. Moreover, 
in this case, by Lemma 13.61 foi' every compact face 7 of F, we have &j = {0}. 
Hence the equality ^ implies this proposition. Observe that this formula was 
already obtained by Guibert (cf. |5|, Proposition 2.1.6). □ 

4.5. Write g{x) = J2{ai a„)GN" '^Qi...a„^i^ ■ ■ ' Xn" ■ Assume that g is nondegen- 
erate with respect to F and satisfies the following condition 

(3) ai -I h = a„i+i H h a„ 

for every (ai, . . . , a„) in N". Because supp{g) lies on the hyperplane H = {ai -I- 
• • • -|- a„j^ = a„j-(-i -|- • • • -f q;„} in M>0' ^^e compact faces of F are contained in 
H . Moreover, for the same reason, for each compact 7, the non-compact faces of F 
leant on 7 exist. Note that, in this case, XQ{g) contains A)!^ Xj. {0}. 

Lemma 4.7. Assume that g{x) — a„)eN" ^ ' ' ' ^^n" nondegen- 

erate with respect to F and the equalities (0j are satisfied for all (ai, . . . , Q!„) in N" 
such that aai...an 7^ 0. Then, for every compact face 7 ofT, we have ~ 1 and 
the unique element of 9Jt-. is nonempty. 
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Proof. Let 7 be a compact face of F. Assume that 7 + R>q is a face of F. Then, by 
Lemma [3^ the cone a^j is contained in IR"g x M"g if and only if / is contained in 
{1, . . . , ni}. Furthermore, we claim that if 7 + R>q and 7 + R>q are faces leant on 7 
such that the corresponding cones a^j and a^^j are both contained in R"q x M"q, 
then so is 7 + Indeed, the equalities Q for (ai, . . . , a„) in N" guarantee 

that if / and J are contained in {1, . . . , ni}, the intersection of 7 + M>'^"' with the 
interior of F is empty. This together with the fact that 7 + M>q and 7 + K>g are 
faces of F show that 7 + ]R{.^'^ is a face of F leant on 7 such that a~^juJ is contained 
in X Rl%. 

As a consequence of the above claim, for each compact face 7 of F, there exists 
a unique maximal subset M of {1, . . . ,n} such that 7 + is a face of F, which 
is leant on 7, and (Jj^m is contained in R"q x M"q. The nonemptyness of the set 
M follows from the fact that supp{g) lies on the hyperplane H. □ 

Corollary 4.8. Assume that g(x) — a )eN" '^qi...c(„2^"'^ '''2;"" is nonde- 

generate with respect to F and ai + - ■ = Q!„j+i + - • ■+a„ for every (ai, . . . , a„) 

in N"o- T'^e'^ J^di ^i^g vanishes in M^™'^. 



Proof. Let 7 be a compact face of F. By Lemma l4~7| the set DJlj has a unique ele- 
ment and this element is nonempty. Assume = {M} with \M\ > 1. Notice that 
J.d-i and J.di il'i'-yj depend only on 7, not on / contained in M. Because 

k k 

of the fact that, if to > 1, Er=o(-l)^ (™) = 0' 

one deduces that 



E 

I CM 



By Proposition [42l the image J^di ilSg of Sg vanishes in Mq"'^. □ 
5. Kontsevich-Soibelman's conjecture 



In this section, we will show that, under certain assumptions. Conjecture 11.11 is 
true. 

5.1. Composition with a polynomial in two variables. We consider the con- 
jecture of Kontsevich and Soibelman (Conjecture II. ip in the case where F has 
the form F{x,y,z) — f{gi{x,y),g2{z)), where / is a polynomial in two variables 
with /(0,y) nonzero of positive degree, gi is a function on A^^ x^. A^^ such that 
gi(tx,t~^y) — gi{x,y), 171(0, 0) = 0, and g2 is a regular function on A^^. Denote 
g = 51 X 52 and Xo{g) ~ {{x, y, z) \ gi{x, y) — 52(2) = 0}. Recall that, in this case, 
h{z) = f(0,g2{z)). 

Theorem 5.1. Assume that f is a polynomial in two variables with /(O, y) nonzero 
of positive degree. Let gi he a regular function on K'f} x^, A^^ nondegenerate with 
respect to its Newton polyhedron Fg^ such that (71(0, 0) = 0, no vertex of T g-^ lies 
in a coordinate plane, and gi{tx,t~^y) = gi{x,y) for every t in Gm.k- Let 52 be o, 
regular function on A^^ . Then, the following formula 

/ ii^fog = L'*^ 5/1,0 
holds in M^j."^ ''. In other words, in this case, Coniecture \l.l\ is true. 
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Proof. In Guibert, Loeser and Merle consider the motivic Milnor fiber of a 
composition of the form f{gi,g2) where gi and 52 have no variable in common 
and / is a polynomial in fc[a::,?/] such that f{0,y) is nonzero of positive degree. To 
describe it, they used the generalized convolution operators defined in [7] and 
the tree of contact t(/, 0) constructed in terms of Puiseux expansions by Guibert 
([5]), here is the origin of with d = c?i + c?2 + ^3- To any rupture vertex v 
of t(/, 0) one attaches a weighted homogeneous polynomial Qv in fc[X, y]. The 
virtual objects Ay are defined inductively in terms of the tree of contact t(/, 0) and 
Ayg , where vq is the first (extended) rupture vertex of the tree and Ay^ depends 
only on g. Let i be the inclusion of Xo(g) Xk Gm,k in Z G„i,fc. Let mg be the 
order of as a root of /(O, y). By the main theorem of [8 , the following formula 

i*Sfo^ = Sg^o{[Xo{gi)])-J2'^QMv) 

V 

holds in M.J":''. „ , where the sum runs over the augmented set of rupture 
vertices of the tree r(/, 0). Take the operator J^d^ for two sides of the formula, 
we have 

We claim that, with previous notations and hypotheses, the formula 




ilSg^o{[Xo{gi)])^h''Sh,o 



holds in Mg"'^. Indeed, as in [6 , proof of Theorem 5.18, one can check that 

z*5g™o([Xo(ffi)]) = [5r'(0)]H5g..o. 

By the hypotheses on gi and the fact that zi(A^^) n g^^(O) = {0}, we have 
«i[5r\0)] = [A^i] = L'*! and i^Sg^^o = ioSgjpo = ^^.-o^o- One deduces that 

tlSg^oiiXoig^)]) = z^([5r'(0)] H5^^".o) = h'^'Sg^o^^. 

By definition of h, iSg^o g = Sh,o, the claim then follows. So, in order to finish 
the proof of Theorem 15.11 it suffices to prove that J^di i'l'i'Q^X^v) = for every 
(extended) rupture vertex v of t(/, 0). 

Let be the first (extended) rupture vertex of the tree of contact T{f,p). As 
in [8], the virtual object Ay„ in '^x^Cs)xk{A^ x^G^ k) defined by Ay^ := S'g^ ^Sg^, 
where S' is an element in M , which is the "disjoint sum" of iS„„ in 
^^X)x.G™,. and Xo{g2) in Mx^ig,)- 

Lemma 5.2. Assume that gi is a regular function on A^^ x^. A^^ nondegenerate 
with respect to its Newton polyhedron Fg^ such that gi{0,0) ~ 0, no vertex of T g-^ 
lies in a coordinate plane, and gi[tx,t^^y) = gi{x,y) for every t in Grrn,k- Let g2 
be a regular function on A^^ . Then J^d^ i*^'Q(A„Q) vanishes in Mg"'^ for every 
quasi-homogeneous polynomial Q. 
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Proof. The asumptions on gi mean that we can write gi in the form 

/ \ ai "di /3i Pd2 

(a,/3)eNt=-o+"^ 

where ai + ■ ■ ■ + = /3i + • ■ • + /3rf, > 1 for every {a, /3) in Ni^+'^\ By Corollary 
14.81 J.di vanishes in Mg'" '" , hence J A^^ vanishes in M^r''' q ■ Because 

k m,k ^ ^fcT7i,fc 

the following diagram 



A^XfcG™,fc G„,fc 

commutes, the lemma thus follows. □ 

Let V be an abitrary rupture vertex of the tree of contact r(/, 0) and a{v) the 
predecessor of v in the augmented set of rupture vertices. Then the polynomial Qy 
is a factor of Qa{v)- Suppose that Qy{X, 1) has m disjoint zeroes in A^. 

G 

Lemma 5.3. The equality Ay — mA„(y\ holds in M .i „ 

Proof. We first notice that Q^^{Q) is a smooth subvariety in G,„_fe x^, Gsm.k, equi- 
variant under a diagonal Gm^fe-action and that the second projection pr2 of the 
product Xfe Gm,fe induces a homogeneous fibration ^-^(O) Gm.k- We de- 
note by By the restriction of Aa(v) above Q~^{0). Then, by [5], the element Ay in 

M'?.'";'', .If, is defined as the external product of the class of irf : Aj, — > Al by 
the induced map pr2 : By Gm.k, which is diagonally monomial when restricted 

to -'^'o(g) Xfc Gm,fc Xfc Gm,fc. 

Consider the fibration pr2 '. By — s- Gm.fc defined by the composition of By ^■ 
Qy^{Q) and pr2 : Q^"^(0) Gm^fc. Then each fiber of pr2 : By 'Gm,k is a dis- 
joint union of m copies of a fiber of A„(^) — > Aj. x^; Gm.^ over one point (a, 5) in 

A^ Xk G„i,fc. It follows that Ay = my4a(„) in ^■Yr(g)Xfc(Ai XfcG„ 

It follows from Lemma [5.21 and Lemma [5.31 that J.d^ il'^Q^{Ay) — for every 

k 

(extended) rupture vertex v of r (/, 0) . This completes the proof of Theorem l5.1l □ 

Remark 5.4. In the case f{x,y) = x + y, the result can also be obtained directly 
from the Motivic Thom-Sebastiani Theorem (cf. [Sill]). 

5.2. In the following proposition, we prove the conjecture of Konsevich and Soibel- 
man under some other conditions on F = g, namely assuming F is nondegenerate 
with respect to its Newton polyhedron F and no vertex of F lies in a coordinate 
plane. 

Proposition 5.5. Let g be a regular function on A^^ A^^ Xj, A^^ such that 
^(0,0,0) = and g{tx,t~^y, z) = g{x,y,z) for every t in Gm,k and {x,y,z) in 
h.'f} x k A^^ x k A^^ . If g is nondegenerate with respect to its Newton polyhedron F 
and no vertex ofT lies in a coordinate plane, then J^d-i i^Sg vanishes in Mg'"'^ In 
other words, Conjecture ] 1.1\ is true in this case. 
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Proof. Write the function g in the following form 

/ \ \ ^ a b c 

g[x,y,z) = ga,b.,cx y z , 

(a,fc,c)eN<' 

where d = di + + d^,, ga.b,c is in fc, = x"^ • ■ -a;^^^, •■• The hypotheses on g 
require that, in the above expression of g, every (a, &, c) is in N>q and ai + - • -+0^^ = 
61 + • • • + 6(i2- The latter implies that, for each compact face 7 of F, there exists a 
unique maximal subset M of {1, . . . , di} such that 7 + Rifp is a face of F, which is 

leant on 7, fi-y.A/ is contained in M^q x M^^q^'*^, and M is nonempty (compare with 
Lemma [4. 7p . Similarly to the proof of Corollary 14.81 J^di i\Sg vanishes in Mg"'^. 
Notice that, in this case, h{z) — F(0, 0, z) — g(0, 0, z) = 0, hence the local motivic 
Milnor fiber Sh,o also vanishes in Mg^'J^. □ 

5.3. We consider now the more general case, F{x, y, z) — g{x, y, z) + h(z)^ , where 
g is as in Proposition 15.51 h{z) is regular on A^,^ such that h{0) — 0, and iV is a 
large enough natural number. By composition with the projection, we will view h 
as a function on A^. 

We will use some following notations of ^ . Let 77 : y — > A^ be a log-resolution 
of (A^ , Z) for Z a closed subset of of codimension everywhere not less than 
1. Assume that 77^^ (Z) = UisA^*' '^i*'^ ^» irreducible components of the 
divisor r]~^{Z). If Ji is the sheaf of ideals defining a closed subset Z\ <Z Z and 
t]~^{J\)Qy is locally principal, we define Ni{Ji), the multiplicity of Ji along 
by the equality of divisors 

7?-i(Zi) = ^Ar,(Ji)S,. 

Let Z2 be another closed subset of codimension > 1 such that, for its corresponding 
sheaf of ideals 1/2, ?7~^(J^2)Oy is locally principal, and that Z = ZiiJ Z^- Then we 
set 

C^{Jl,J2)-= sup ). 

{ieA\Ni(j2)>0} JVi^j2 

We define c{Ji,j2) as the infinium of all Cjj{Ji,j2) for i], a log- resolution of 
(A^,Zi U Z2) such that ?7^^(Ji)0y and ri^^{J2)0Y are locally principal. 

Theorem 5.6. LetF{x,y,z) = g{x,y, z) + h{z)^ , where g is as in Provosition [^75[ 
h{z) is regular on A^^ such that h{0) = 0, N is a natural number. If N > c{{g), (h)), 
then the following formula 

/i*SF = i-i^^SjiN g 
di ' 

holds in m!^™'*' . 

Proof. Let us denote by i and j the inclusion of {Xo{g)nXQ{h)) XfeG„i_fc in ^0(5) Xfe 
Gm.k and Xo{F) x^, G„i_fc, respectively. By [6j, Theorem 5.7, we have 

where E is the polynomial xi + X2 (cf. [6l, Section 5). Then we get 
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Now, by Proposition 15. 5| J.di i^Sg = 0. An analogue to the proof of Lemma [521 

k 

shows that /^di z^5's(5/ijv vanishes. It deduces that 
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holds in Mg"*'*', which completes the proof. 
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